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Abstract. In the current article we study complex cycles of higher multiplic- 
ity in a specific polynomial family of holomorphic foliations in the complex 
plane. The family in question is a perturbation of an exact polynomial one- 
form giving rise to a foliation by Riemann surfaces. In this setting, a complex 
cycle is defined as a nontrivial element of the fundamental group of a leaf from 
the foliation. In addition to that, we introduce the notion of a multi-fold cy- 
cle and show that in our example there exists a limit cycle of any multiplicity. 
Furthermore, such a cycle gives rise to a one- parameter family of cycles contin- 
uously depending on the perturbation parameter. As the parameter decreases 
in absolute value, the cycles from the continuous family escape from a very 
large subdomain of the complex plane. 

1. Introduction 

Limit cycles of planar polynomial vector fields have long been a focus of extensive 
research. For instance, one of the major problems in this area of dynamical systems 
is the famous Hilbert's 16th problem [T^] asking about the number and the location 
of the limit cycles of a polynomial vector field of degree n in the plane. Since 
the original Hilbert's problem continues to be very persistent, some simplifications 
have been considered as well. Among them is the so called infinitesimal Hilbert's 16 
problem |12j , [13j concerned with the number of limit cycles that can bifurcate from 
periodic solutions of a polynomial Hamiltonian planar system by a small polynomial 
perturbation. Recently, an answer to this question has been given in an article by 
Binyamini, Novikov and Yakovenko [2]. 

When studying a planar polynomial vector field, an extension to the complex 
domain proves to be helpful, an idea that can be attributed to Petrovskii and 
Landis [15) . |16) . In this way a polynomial complex vector field is obtained and 
the holomorphic curves tangent to it form a partition of the complex plane by 
Riemann surfaces, called a polynomial complex foliation with singularities, or in 
short polynomial complex foliation |12) , j!3) . 

Following the idea of complexification, polynomial deformations of planar Hamil- 
tonian vector fields could be extend to C 2 . More precisely one could consider the 
complex line field 

ker(dff + euj) (1) 



2010 Mathematics Subject Classification. Primary: 37F75, 34M35, 30F10; Secondary: 37M10, 
57R22. 

Key words and phrases. Holomorphic foliation, complex limit cycle, Poincare map, Riemann 
surface, covering space, fiber bundle. 

1 



2 



NIKOLAY DIMITROV 



with a one-form u) = Adx + Bdy, where A, B and H € C[x, y] are polynomials with 
complex coefficients and e is a small complex parameter. 

For the purposes of the current study, we focus our attention on a specific ex- 
ample. Let H be the simple polynomial 



where e and a are the parameters. Notice that the family is of the form (fl}. 

As mentioned earlier, the holomorphic curves tangent to F a e form a foliation of 
Riemann surfaces in C 2 further denoted by J-" ai£ (C 2 ). For example, consider the 
Riemann surface 



As we are going to see in the next section[2j the surface Si is tangent to the complex 
line field F atE for any value of the parameters a and e so it is a leaf of J-a j£ (C 2 ). Fix 
the unit circle So — Si fll 2 . Notice, that in the case of real a and e the phase curves 
of ([2]) restricted to R 2 are topologically either lines or circles, i.e. curves with either 
a trivial or a non-trivial (isomorphic to Z) fundamental group. For example, Sq is 
such a circular phase curve. This simple observation leads us to the definition of a 
marked complex cycle. 

Definition 1. A marked complex cycle of a complex foliation is a nontrivial element 
of the fundamental group of a leaf from the foliation with a marked base point. 

We denote a marked complex cycle by (A, q) where A is the homotopy class of 
loops on the leaf, all passing through the same base point q. Each loop from A 
will be called a representative of the cycle. In general, a real phase curve of a 
polynomial vector field in K 2 extends to a Riemann surface tangent to the vector 
field's complcxification in C 2 . Thus, a closed phase curve in R 2 defines a loop 
on the corresponding complex leaf, giving rise to a nontrivial element from the 
fundamental group of that leaf [12]. In other words, a real closed phase curve is a 
marked complex cycle on its complexification. As an illustration, the leaf S± is the 
complexification of the real trajectory So- The surface Si is topologically a cylinder 
and So is a nontrivial loop on it. Denoting by qo the point (1,0) € Si and by A 
the homotopy class of So relative to qo we obtain a marked complex cycle (Aq,5o) 



When e = the line field ([2]) will be denoted by Fq and its corresponding foliation 
by J-"o(C 2 ). From now on, we are going to refer to J-~o(C 2 ) as the integrable foliation 
and to F a . £ (C 2 ) as the perturbed foliation. Notice that ^(C 2 ) consists of algebraic 
leaves of the form S c = {(x, y) £ C 2 | H (x, y) = c} embedded in C 2 , where c € C. 
All leaves with c 7^ are topological cylinders. Our basic approach will be to study 
the complex cycles of the more complicated J- aye (C 2 ) by taking advantage of the 
simplicity of ^(C 2 ). 

One of the very useful tools for converting some of the topological properties of 
the foliation into dynamical properties of a holomorphic map of complex dimension 
one is the so called Poincare displacement map [12], [13]. Next, we present a 





(2) 



S 1 = {(x,y)eC 2 \x 2 + y 2 = l}. 



of F a , s (C 2 ). 
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construction of it in the case of example ([2j . Let T" be a complex segment (a small 
disc on a complex line in C 2 ) passing through go and transverse to the surface Si. 
Consider an annular neighborhood A(5q) of 5q on the surface Si. Next, take a 
tubular neighborhood N(Sq) of A(5q) in C 2 . It is diffeomorphic to a direct product 
A(Sq) x D, where D C C is the unit disc. Let g be the projection of N(6o) onto A{Sq) 
with respect to that direct product structure. Without loss of generality, we can 
think that T" = g~ 1 (qo). Let T C X" be a small enough open neighborhood of go in 
T', Take any point q € T and consider the leaf L a ^ e (q) from the foliation J" a , e (C 2 ) 
that passes through g. Starting from g G L a _ e (q), lift the loop <5o to the unique 
path on L ai£ (g) that covers 5o under the projection g. The second end-point of this 
lift is again on T' and we denote it by P a ,e(g). As a result, we obtain a one-to-one 
correspondence P a . £ ■ T — > T' which, by the analytic dependence of the leaves of 
J r a,e( ( C 2 ) on initial conditions |13j . is a holomorphic map. In addition, notice that 
Pa,s(lo) — Qo for all a and e. 

Observe that by construction, if we consider another loop 5 C Si passing thor- 
ough go and homotopic to So on «Si then the Poincare map with respect to 8' Q will 
be identical to P a , e , possibly on a smaller cross section T. This is because the ho- 
motopy between So and S' can be lifted to a homotopy on any leaf L a ^ e (q) passing 
close enough to Si. Therefore, the endpoints on T' of the lifts of So and S' on 
L Q>£ (g) will be the same. Similarly, P a e does not depend on the choice of a product 
structure on N(Sq). In fact, by the tubular neighborhood theorem [10] any two 
product structures on N(So) are isotopic via an isotopy of N(Sq) that fixes A(Sq) 
point-wise. Therefore, as a point-set, the lift of So on any near-by leaf with respect 
to a projection from another product structure will be the same as the lift obtained 
via g. The difference will be only in the parametrization of the lift. 

The Poincare map P a . e has the property that if two points from the cross-section 
T are in the same orbit of the map then they belong to the same leaf of the foliation. 
Moreover, a marked complex cycle of J-" a . £ (C 2 ), with a base point on T and a 
representative in N(8o) that covers m times the loop So gives rise to an m-periodic 
orbit of P a ,e- The converse is also true [T5], [IB]- An m-periodic orbit corresponds 
to a marked complex cycles of J-a i£ (C 2 ) with a base point on T and a representative 
in N(Sq) that covers <5o a number of m times. 

Definition 2. A marked cycle of (0) that corresponds to an m-periodic orbit of 
P a .e is called an m-fold cycle. Whenever m > 1 and we do not want to specify the 
number m, we call the m-fold cycle a multi-fold cycle. 

Notice that whenever an m— fold cycle of J-" Q)e (C 2 ) corresponds to an m-periodic 
orbit of P a , e , the cycle also gives rise to m fixed points of the iterated map P^ e . 

Definition 3. An m-fold limit cycle of J-q )£ (C 2 ) is an m-fold cycle that corresponds 
to an isolated fixed point of P™ 6 . 

The case m = 1 has been extensively studied. In fact, the real cycles of a planar 
polynomial line field of the form (fTJ extend to 1— fold cycles of its complcxificaion. 
The aforementioned infinitesimal Hilbert's 16th problem [2], [T5] treats exactly the 
special case m = 1. The following classical result, known as Pontryagin's criterium 
[17] can be stated in the following form. 

Pontryagin's Theorem. Let S c be an analytic family of simple closed curves on 
the corresponding leaves S c of foliation (Qp when e = 0. Consider the analytic 
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function 1(c) = J u>. If there exists a value Co such that I(cq) = and I'(cq) ^ 
then there exists a continuous family Sjs of loops, each representing a 1-fold complex 
limit cycle of 0). Moreover, for e close to 0, the loops S e always stay close to 5 Co 
and S £ — > 8 CQ as e — > 0. 

In contrast to 1-fold cycles, little is known about multi-fold ones. That is why, 
the goal of this article is to shed some light on the case m > 1 . During a series of 
informal discussions, Y. Ilyashenko proposed the following questions in the spirit 
of Petrovskii and Landis' works [TS] and [TB] : 

Ql. Are there polynomial families of form (1) with Poncare maps that have isolated 
periodic orbits of arbitrary period m > 1 ? 

Q2. If m > 1, what may happen to an m-fold limit cycle when e approaches 0? 
Q3. Does a multi-fold limit cycle settle on a leaf of J-q(C 2 ) as e — > 0? 

For the rest of this article we try to give some answers to Ilyashenko's questions 
posed above for the particular family ([2]). Loosely stated, the main statement of 
the current paper is the following: 

Main Result. Multi-fold limit cycles of all possible periods appear in the family 
|J|) when the complex parameters a and e are chosen appropriately. Moreover, each 
of these cycles extends to a continuous family with respect to e. Finally, when e 
tends to zero, the multi-fold limit cycles from the family escape from a very large 
open subdomain ofC 2 that contains the surface S±. 

The precise formulation of the claim above will be stated in the next section as 
theorem [TJ 

The proof of the main result starts with a fairly explicit construction of the 
Poincare map P a ,e- After that, it is established that periodic orbits of all periods 
of P ajE bifurcate from the fixed point qa. This immediately yields that m-fold limit 
cycles of all possible m £ N bifurcate from the cycle (A ,go) of the family @. 
For the second part of the statement, we exploit more thoroughly the connection 
between the topological properties of J-" aiE (C 2 ) and the dynamics of the Poincare 
map P ae . First, we construct a very large smooth surface transverse to the foliation 
•^a, £ (C 2 ). Then, we extend the Poincare map P a ^ E on this cross-section. We call 
it a non-local Poincare map. Each multi-fold cycle of J" Q)e (C 2 ) generated in the 
first part of our main result corresponds to a periodic orbit of P a ^ £ and together 
with that, determines a well-defined free homotopy class of loops in an open fibred 
subdomain of C 2 . The topology and the fiber structure of this subdomain comes 
from .Fo(C 2 ). Moreover, as the cross-section surface is transverse to J-" a ,e(C 2 ), we 
can induce a complex structure on it so that P a ^ e is holomorphic. Finally, the 
construction of the non-local complex analytic Poincare map allows us to establish 
that the behavior of a multi-fold limit cycle is quite different from the behavior of 
a 1-fold limit cycle as e tends to zero. By Pontryagin's theorem, the latter always 
stays close to some cycle from ^(C 2 ) and converges to it as e converges to zero. 
In contrast to the behavior of a 1— fold limit cycle, a multi-fold one tends to escape 
from a very large domain in C 2 when e approaches 0. We call this phenomenon a 
rapid evolution of the multi-fold limit cycle. 

The occurrence of quick escape of cycles is not that surprising if one recalls the 
dynamics of holomorphic maps with parabolic fixed points and their perturbations 
[3], [H]. In our case, P a , £ is a two parameter perturbation of the identity map. It is 
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well known that as P a ,e approaches the identity its to— periodic orbits, for to > 1, 
leave the map's domain. Since a periodic point of P a . e represents a multi-fold cycle 
of .Fo,e(C 2 ), the multi-fold cycles should escape too. The challenge in our study is 
to establish the existence of periodic orbits of period to > 1 for the Poincare map 
Pa i£ of the foliation J-" Qie (C 2 ) and to extend the map's domain as much as possible. 
For that reason we need to analyze the link between the foliation and the map as 
well as to explore the topology of JF Q (C 2 ) globally which makes the problem quite 
more interesting. 

So far, the third question from the list above stays unanswered. The information 
we have on rapid evolution reveals an interesting insight. If the answer to that 
question is positive, then before a multi-fold limit cycle can reach an algebraic leaf 
as e — > 0, its representatives should change their topological properties somewhere 
along the way. This means that there is a possibility that the cycle settles on 
a critical leaf of J-o(C 2 ) or goes through one or several critical leaves of J-"o(C 2 ), 
settling on a regular leaf. Since (JT]) is polynomial, it extends to a foliation on CP 2 . 
Thus, another possibility is an interaction with the line at infinity. 

We finish this section with a discussion about another interesting and important 
issue, related to question 1 above. A central problem in the study of multi-fold limit 
cycles is their existence in families of polynomial foliations of the form ([1]). Ideally, 
one would like to establish existence of multi-fold limit cycles in general families 
of type ([1]). Heuristically, we can follow the following steps. Using Pontryagin's 
theorem, we could find a family of 1-fold cycles which gives a family of isolated 
fixed points for the corresponding Poincare map P e . For infinitely many values of 
e in any neighborhood of 0, the derivative of P £ evaluated at the fixed point will 
be an m-th root of unity. Thus, for such e a local continuous family of m-periodic 
isolated orbits could bifurcate from the fixed point. This will happen as long as 
some of the resonant terms of the map's normal form do not vanish, i.e. the map is 
not analytically equivalent to a rotation. Since having all zero resonant terms is an 
extremely special property for maps with root-of-unity multiplier, we can expect 
that the Poincare transformations for most foliations of the form (QJ will have a 
lot of isolated periodic orbits and thus, the foliations themselves will have many 
multi-fold limit cycles. The only obstacle in this strategy is the verification that 
some of the resonant term coefficients of the map's normal form are nonzero. This 
fact imposes a challenge since the connection between the polynomial foliation and 
its Poincare transformation is implicit and indirect. 



2. The main theorem 

Before giving a precise statement of the main result of the paper, we are going 
to fix some notations and give some definitions. 

Let us verify that both So = {(x, y) e C 2 | H(x,y) = 0} and Si = {(x,y) G 
C 2 | H(x, y) = 1} are leaves of the foliation jF a , e for an y value of the parameters a 
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and e. Having in mind that dH A dH — 0, consider the wedge product 



(dH+e(H - l)(ydx - xdy) + ea y dH) A dH = 



= dH A dH+e(H - l)(ydx - xdy) A dH + ea y dH A dH 
=e(H - l)(ydx - xdy) A dH = 
= 2e(H — l)(y dx — x dy) A (x dx + y dy) = 
= 2e(H- l)HdxAdy. 



(3) 



Since H — on So and H = 1 on Si, the wedge product becomes zero when 
restricted to either So or Si, hence both of them are tangent to the complex line- 
field -F a ,£! which implies that both of them are leaves of J-" ai£ (C 2 ) for any a and 
e. 

Look at the polynomial H = x 2 + y 2 as a map H : C 2 —> C. Consider the 
punctured plane of regular values B = C — {0} and its preimage E = H~ 1 (B). 
Clearly, E is just C 2 with the critical level set So of H removed. Recall 1 G B and 
hence Si C E, which is a topological cylinder (or a twice punctured sphere if you 
prefer). 

Observe that every leaf of J-" aje (C 2 ) different from So is entirely contained in 
the domain E. Denote by F a ,e the foliation ^ ^(C 2 ) with the leaf So removed. 
Then T a ,e is a foliation without singularities in E. In particular, when e = the 
restricted foliation Fo consists of all fibers of H with the exception of the critical 
one So = H-\0). 

Let < po < Ra, thinking of po as very small and Ro as large. Define the annulus 
A = {c e C I po < |c| < Ro}- Consider the preimage E = H^ 1 (A ). Then, the 
set Eo is the large open subdomain of C 2 from which the multi-fold cycles are going 
to escape, according to our main statement. 

Next, we look at multi-fold cycles from a topological point of view rather than 
dynamically. 

Definition 4. A loop contained in E is called m-fold vertical provided that it is free 
homotopic to 5 n inside the domain E. A marked complex cycle of J- a .s is called 
m-fold vertical provided that it has an m-fold vertical representative contained in 



As one would expect, if a marked complex cycle of F a ,e has at least one in- 
fold vertical representative in E, then all of its representatives are m-fold vertical. 
Indeed, let 5 and 8' be two loops from the same marked cycle of F a ,e and let 6 
be free- homotopic in E to 5™- Then both 5 and 8' are homotopic on the same 
leaf of JF a ,s which, in its own turn, is contained entirely in E. Therefore, both 
representatives are homotopic to each other inside E and since 8 is free-homotopic 
in E to SIP, so is 5'. 

More interesting is the question whether the number m is a topological invariant 
of an m-fold vertical cycle. Assume 8 C E is a loop representing some m-fold 
vertical cycle of J- a ,e- Also, assume that 8 is free homotopic in E to another loop 
{J C Si. As both 6™ and 8' belong to the cylinder Si, whose fundamental group 
is Z, the closed curve 8' should be free homotopic on Si to 8 k , for some k G Z. 
Therefore, the representative 8 is simultaneously m-fold and fc-fold vertical. Later, 
in proposition [TJ we are going to verify that 8q is not null-homotopic in E and 
k = m always. 



E. 



AN EXAMPLE OF RAPID EVOLUTION OF COMPLEX CYCLES 



7 



The leaves of foliation F a , £ , given by the line field ([2]), depend analytically on 
the two parameters a and e. In order to study the phenomenon of rapid evolution, 
we need to define continuous dependance of marked limit cycles on parameters. 

Definition 5. A family {(A £ , q £ )} £ of marked limit cycles of J- a ,e is called contin- 
uous with respect to e provided that there exists a continuous family of loops {S e } £ 
such that: 

a) for each e, the closed curve S £ belongs to the class A £ ; 

b) the base point q £ varies continuously with respect to e. 

Let D r (0) — {e € C : |e| < r} for r > 0. We claim that as long as r > 
is chosen small enough, rapid evolution of marked complex cycles occurs in the 
following form: 

Theorem 1. For the two-parameter family of foliations F a , £ given by 0) the fol- 
lowing statements hold: 

1. For any m € N large enough there exists a complex parameter s m near and a 
parameter a m such that for all e in a neighborhood of e m , the polynomial foliation 
(0) has an m-fold vertical limit cycle with a representative inside the domain Eq G 



2. Furthermore, there is a parameter disc D r(m) (0) containing e m such that for any 
simple curve 77 C D r(m) (0) connecting e m to there exists a relatively open subset 
a of 77, such that the m-fold cycle from point 1 extends on a to a continuous family 
{(A £ ,q £ )} eea of marked cycles of T a ^ £ . 

3. Finally, as e moves along a towards 0, it reaches a value e* £ a such that for 
any e € a past e* no m—fold vertical representative of (A £ , q £ ) will be contained in 
Eq anymore. 



We begin our investigations with the construction of the Poincare transformation 
locally and the computation of some of its terms. 

Define A(Sq) as a tubular neighborhood of Sq on the surface S\ and N(Sq) as a 
tubular neighborhood of A(6q) in C 2 . Let 



be the disc of radius ro centered at 1. Consider the map 

/1 : B ro x D ro (l) -> N(6 ) defined by f x : (CO ^ (£ cos £ £ sin Q . 

Without loss of generality, we can think that /i(B ro x D ro (l)) — N(Sq). In other 
words, f\ can be thought of as the universal covering map of iV(<5o). Notice, that 
we also have /i(B ro x {1}) = A(6 ) C Si. 

The pull-back f*F a , e on B ro x D ro (l) of the line field F a ^ £ is 



3. The local Poincare map 



B ro = {C€C : |Im(C)| <r } 
be a an infinite horizontal band in C of width ro and let 

D ro (l) = {£eC : |£-l|<r } 



f*F a>£ = ker (d(e) - e(e - 1)£ 2 d( + as £ sin C d^ 2 )) ■ 



For < ri < 1, define the map 



/ 2 : B ro x D ri {0) -> B ro x D ro (l) where f 2 : (2, w) i-> (z, 
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Composing the maps /i and fi we obtain 

/ = /i°/ 2 : Bro x D ri (0) — > 7V(<5 ). 
Then the pull-back f*F a ,e is 

/*.F , £ = ker f - — f dw; - e wdz + ea bm Z cfriA ] 

and since rp^jp i s weu defined and nonzero for to G £> ri (0), we can cancel it out 
and the line field becomes 

f *F a e — ker ( dw — e wdz + ea SmZ dw ) . 

V Vl — to / 

The holomorphic function /x £ (z) = e~ ez is nonzero everywhere, so 

/ 6 ^ z sin z \ 

f*F a£ — ker ( e~ £Z dw — e we~ £Z dz + ea — j^=- dw ) 
v Vl — w ' 

( u -fz\ er€Z smz , \ 
= ker I d(we ) + ea — -^^=- dw 

\ Vl — w > 

= ker (dj^ +aJ £ '>) 

where — we~ £Z and o/ e ) = " dw. 

Vl — w 

Our next step is to define the Poincare transformation for the foliation J" 0i£ , 
using the local chart / on the tubular neighborhood N(S ) of the loop 5 . Denote 
the desired map by 

P a , e : D ri (0) — > C. 
We are going to explain how it is constructed. 

Define the path S^ m) = {(t,0) G B rc x {0} | t G [0,27rm]} and whenever m = 1 
use the notation S = 5™. Then /(5< m) ) = <5ff*. For a in a neighborhood of and 
for an appropriate choice of the radius n , the segment (5q TT1 ' 1 can be lifted to a path 
S^e(u) on the leaf of F a,£ passing through the point (0, u) G {0} x D ri (0), so that 
if pri : (z,w) M> z then pri(S^l\u)) — 5^. Again, as before, whenever m = 1 we 
omit the superscript (m) and we write 5 a>e {u) — 5^l(u). The lift 8 a , £ {u) has two 
endpoints. The first one is (0,w) and the second one we denote by (2n, P a . e (u)). 
When a=0, the map Po tS (u) comes from the foliation Fq >6 which in our tubular 
neighborhood is given by ker (d(w e~ 6 z )). Then, So iS (u) — {(t,ue £t ) : t G [0,27r]} 
and so Po. £ (u) — e 27T£ u. Since <5 a , e (0) = So, the equality P Ol£ (0) = holds for all 
(a, e). As a result, the Poincare transformation can be written down as 

P a ,e(u) = e 27T£ u + al(u, e)u + a 2 G(u, a, e)u 
and its fc-th iteration can be expressed as 

Pa,e( u ) = e 2k7r£ u + a/( fc )(u, e)u + a 2 G( fe) (tt, a,e)u. 
If e — — and after m iterations the map becomes 

P™^. {u)=u + al [m) (u,-^ju + a 2 G {m) (u, a ^) u - 

In this case, denote the lift of by the simpler notation S^iu) = S^ m ]_(u). 
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In order to study the periodic orbits of P a<e (u), we are going to look at the 
difference P™j_(u) - u. Since (djW m ) + | 5 <m) (u) = 0, it can be concluded 

that 



<5i m) (u) 



(dJ {l,m) + aw''/" 1 *) = and hence 



dJ {i/m) = _ a w (i/m)_ 

The one-form dJ^ 1 ^" 1 ^ is exact and yields 

P™ i/m (u)-u = P™ /m (u)e- 2 *-ue° 

= J (l l m \2^m lU ) - J (l/m) (0,u) 



<5i m) («) 

= -a/ 

J5i m) («) 

Notice that when a = the paths take the special explicit form 

Si m) (u) = 5 { ™l(u) = {(t,e^u)\te [0,2™]} (5) 

with endpoints (0, u) and (2irm,u). Divide equation (0| by a. When a — > the 
limit of the left hand side of dU) is I^(u,i/m)u. Moreover, ^(u) — > 5q" 1 \u) as 
a — > 0. As a result, we can conclude that 



I {m) (u,t/m)u = - u>W n \ 
Now, remembering that <5 " l ' ) (u) is of the form ([S]) compute 



sin z 



I {m] {u,i/m)u = - / — 

J<5< m) («) Vl-w 



Vl — we 
Mi f 27rm sint 



dt 



111 .In \/l — ties 1 



:dt. 



Since both sides of the equation are divisible by u, 



" m sint 

I, m) {u,im) = / - . dt (6) 

Vl-ue« 



To compute the integral in ([6]), notice that 1/Vl — w is well defined and holomor- 
phic in the disc D ri (0) ^ 1 so it expands as uniformly convergent series 

oo 
fc=0 
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^-f(-^-l)(-^-2)-(-i-(fc-D) 



where = (— 1) - 

1-Kva „• . />2-7rm / 00 \ 

SIM ,. / / \ -* , ik_t h \ . , ,, 

sin t at 



t..k 




Vl - we™' 

, (7) 

k=0 

The value of the integral depends on the coefficients of (J7J which, in their own turn, 
depend on the integral 

j&sintdt = —. I e l ^\e lt - e~ lt )dt 
2i J 



1 />27rm 

t / / ■•*+" 



2« Jo 



When k ^ m the primitive of the function (e 1- ^ -4 — e l— ^~ *) under the integral 
is again 2-7rm-periodic, leading to the conclusion that the integral is zero. When 
k = m the integral becomes 

e lt sin tdt = — I e u {e lt - e~ u ) dt 

2-Krn 



2i jo 



1 

2i 



(e at - 1) dt 

1 / 2 jt\ 27rm 7Tm 

(2~ifV Jo ~T" 
iirm 



The computations above lead to 



2 2 

/fmi («, — ) = 6m inm u m = 7l6 m u" 

m to 



Finally, setting c m = irb m ^ 0, we can conclude that for e = the Poincare map 
takes the form 

p ™± (u) =u + a c m u m+1 + a 2 G (m) (u, a, i/m)u. (8) 

4. Existence of multi-fold cycles 

In this section we show how multi-fold limit cycles bifurcate from the cycle 
(A ,go), located on the leaf Si = Remember that So C Si is the unit 

circle in the real plane M 2 C C 2 centered at the origin. The set Ao is the element 
of the fundamental group of Si determined by the loop <5o with a base point qa — 

(i,o) e Si. 

From the discussion in the introduction, the existence of a multi-fold limit cycle 
of J- a . e follows from the existence of an isolated m-periodic orbit of the Poincare 
transformation P a<s . We can see from the construction of the map that a represen- 
tative of the cycle will be contained in the tubular neighborhood N(Sq) C E and 
therefore free homotopic to S Q n in it. This fact immediately implies that the limit 
cycle will be m-fold vertical. Therefore, all we need to show is that P a , e has an 
isolated m-periodic orbit. 
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We fix the radii n > 0, r 2 > and r 3 > so that for any (a, e) £ D r2 (0) x Df 3 (0) 
the map P a , 6 ■ D ri (0) — > C is well defined. Let m > be such that i/m £ Df 3 (0). 

Lemma 4.1. There exists e m near — and a parameter a rn such that for all e in a 
neighborhood of e m , the map P a . E has an isolated periodic orbit of period m. 

Proof. The verification of the claim depends on four facts. Putting them together 
will help us determine the values of the parameters a and e. In order to find a 
periodic orbit for the map P 0j£ (m), we are going to look at the equation 

P™(u)-u = 0. (9) 

Whenever a ^ we can rewrite (j9|) in the form 



+ 7( m ) (u, e)u + a G (m ) (u, a, e)u = 0. 

Furthermore, having in mind that u — is always a solution of ©, we can divide 
by u and obtain 

g{u,a,e) = h I {m} (u, e) + a G, m ) (u, a, e) = (10) 

a 

for u £ D ri (0), a £ D T2 (0) - {0} and e £ D f3 (0). 
Fact 1. Let us focus on the equation 

g(u, a, — ) = I (m) (u, — ) + aG (m) (u, a,—) =0 (11) 

If necessary, decrease the radius r 2 > enough so that if we set 



M.(t\iT2) =max^ \a 



G(m) (u,a, — ) 



r\ and a £ D r2 (0) 



then Ai(ri, r 2 ) < |c| r™. Since I( m ) ^u, = c m u m , it follows that for |u| = n and 
for any a £ D r2 (0) 



\c m \\u\ m = \c m \r™ > M{r u r 2 ) > \a\ 



G 



(m) 



(u,a, — ) 
v ml 



so by Rouche's theorem [5], equation (fTTj) has exactly k zeroes ui(a), U2(a),...,u m (a) 
in _D ri (0), counted with multiplicities. 

Fact 2. Let /i(e) = min {|e 27rfce — 1| : 1 < k < m — 1}. Regarded as a function, 
/i(e) is continuous and n(i/m) > 0. Hence, there exists r$ > 0, such that D r3 (i/m) C 
Df 3 (0). Moreover, there exists a constant /i > 0, such that /i(e) > for any 
e £ D r3 (i/m). If needed, decrease r 2 > so that 

max { \a\\ I (fy (u, e) + aG (u, a, e)\ : l<k<m — l}</i 

for all it € D ri (0),a € D r2 (0) and e £ D r3 (i/m). 
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Fact 3. Equation (|T0| can take the form 

g{u,a,e) = g(u,a, — ) + (g(u,a,e) - g(u,a, 

For any fixed a € D r2 (0) — {0}, fact 1 reveals that whenever |u| = n, the following 
inequalities hold: 



(12) 



\ to/ \ to/ 



G 



(to) 



(u,o, — ) 

V TO/ 



> 0. 



Hence, /ii(a) = min | g^w, a, ^1 : |u| = r-\ \ > Notice, that for any nonzero 
a £ D r2 (0) one can find a radius r^(a) > 0, continuously depending on a, such that 



max 



g{u,a,e) -g(u,a, — j 
\ ml 



\u\ =n, e € D r3 ( a) (i/m) \ < /Ui(a), 



Because of the last inequality, it follows by Rouche's theorem that equation (|T0|) 
has as many solutions as equation (jf II) . Thus, due to fact 1, (| 10[) has exactly to 
solutions Mi(a,e), ...,u m (a,e), counted with multiplicities. If we set 

W = □ ({a}xi? r3(a) (i/m)), 

0^aG_D r2 (0) 

then W is open and W 3 (0, — ). 

Fact 4. Let ff (o,e) = (e 27rme - 1) + a/ (m) (0,e) + a 2 G (m) (0, a, e). Notice, that 
5o(0, ^) — and ^f(0, ^) = 2nm ^ 0. Hence, by the implicit function theorem, 
it follows that for a possibly decreased r 2 > there exists a holomorphic function \ '■ 
D r2 (0) -t D r3 (-^) such that x(0) = ^ and g {a,x(a)) = for all a G -D r2 (0). From 
here, we can see that the zero locus of go inside the product domain D T2 (0) x D r3 (^-) 
is 

Z={(o,e) : g (a, e) = 0} = {(a, X (o)) : aeA 2 (0)}. 
The set Z is relatively closed in D r2 (0) x D r3 (— J so its complement (D r2 (0) x 



A- 3 (— ))— Z is open and nonempty. Therefore, W (1 (D r2 (0) x D r J-^A\—Z 
is open as well. 



Now we are ready to complete the proof of the lemma. Let (a m ,e m ) € W Pi 
(D r2 (0) x D r3 (— )) — Z . Apply the results from fact 4 to obtain 

1) + a m /( m )(0, 

G( m )(0, )^o. 



5o(a m ,£m) = (e 2mne 
Hence, the equation 



P Z ,a m («)-«= (e 2 ™ £ ™ - 1) u + a m / (m) (u, s m )u+ 

+ a m G (m)( u , a m, £m)u = 

has Mo = as a simple root. 

Since (a m ,e m ) G W, it follows from fact 3 that whenever |u| = n the following 
inequality holds 



(w, Or, 



> Hi{a m ) > 



g(u,a m ,e m ) - g(u,a m , — ) 

V TO/ 
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(13) 



Therefore, by Rouche's theorem, the equation 

a m g(u,a m ,e m ) = ( e 27rm£m - 1) + a m J( m )(tt,e m )+ 

) = o 

has as many solutions as 

a m g(u, a m , — ^ = a m I {m) (u, — J + a 2 m G (m) (u, a m , — ) = 0. (14) 

By fact 1, equation (|14l) has m roots ui(a m ), u rn (a m ) contained in D ri (0). For 
that reason, equation (|13[) has m solutions contained in _D n (0). Let us denote them 
by Ux(a m ,s m ), ...,u m (a m , e m ). As it was established earlier, none of them is zero. 
For simplicity, let uj — Uj{a m ,e m ), where j = 1, ..,m. 
By fact 2, for 1 < k < m — 1 and for u G D ri (0), 

\e 27TkEm - 1| > /i(a m ) > /i > \a m \ \l^(u,e m ) + a m G {k) (u,a m ,e m )\. 

Having in mind that uj £ Z? ro (0) and each of them is nonzero for j = 1, .., m, we 
estimate 

\ P L ,e m - U J I =I U J I I ( e2 " tem - 1) + «m (Uj,e m ) 

+ a 2 m G (k) (u J ,a m ,e m )\ > \ Uj \ (\e 2nkE ™ - 1| 

(uj , e m ) + a TO G( fc )(u J ,a m ,£ m )|) > 0. 

For that reason, P k s ^ Uj for 1 < k < m — 1. Hence, the orbit ui,...,u m 

consists of different points and therefore is periodic of period m in D ri (0). □ 

5. Topology of the fiber bundle 

Some of the constructions we would need in order to complete the proof of 
theorem Q] depend on the topology of the domain E C C 2 . That is why our goal is 
to understand it well. 

We begin with the introduction of some useful notations. By [S]m we denote the 
set of all loops homotopic to a loop 6 on a manifold M, all passing through a base 
point xq € M. As usual, the homotopy class [5}m is an element of the fundamental 
group m(M,xo) of M. Our first step is to compute the fundamental group of the 
domain E. 

To make our arguments more standard, we introduce new coordinates in C 2 . Let 
z = -j- (x + iy) and w — -^(x — iy). This is a unitary linear transformation of 

C 2 and it preserves the standard Hermitian dot product z{z2 + W\W2- Therefore, 
the change of variables is an isometry and preserves all the metric properties of C 2 . 
With respect to these coordinates H = x 2 +y 2 — zw and E = {(z, w) £ C 2 | zw ^ 
0}. Also, remember the unit circle So = {(cos(27rf), sin(27rt)) | t E [0,1]} in x,y- 
coordinates. In z, w-coordinates, it takes the form 5q = { (— ^e 27r * , -^e — 27r * ) | t 6 

[0,1]}. 

Lemma 5.1. The open domain E — {(z,u>) € C 2 | z ^ and w ^ 0} deformation 
retracts onto the embedded torus T = {(z,w) G C 2 | \z\ = \w\ = ^j}- Moreover, 
the circle 5o lies on T and is not null-homotopic on it. 

Proof. Let § 3 = {(z,w) € C 2 | |z| 2 + |w| 2 = 1} be the unit three-sphere in C 2 and 
K = S 3 n{(z,io)eC 2 | z = w = 0}. Then T is embedded in § 3 . The intersection 
of a complex line with § 3 is always a great circle, and more precisely, a fiber of 
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the Hopf bundle [18]. Therefore, K is the classical Hopf link in the three-sphere, 
consisting of two great circles linked once. Let Mk = § 3 \ K be its complement. As 
C 2 \{(0, 0)} deformation retracts onto § 3 , we have that E deformation retracts onto 
Mk- In its own turn, Mk deformation retracts onto the torus T, so we conclude 
that E deformation retracts onto T. 

For the second part of the lemma, notice that T = {(-i=e 27rsi , -^=e 27TS2 ) \ (s\, S2) G 

[0, l] 2 }. From here, immediately follows that Sq lies on the surface of the torus. If 
we take an si-circle and an S2-circle on T as a homology basis for H\(T, Z) then Sq 
has homology coordinates (1,-1) and therefore is not null-homologous. Hence, it 
is not null-homotopic either. □ 

Corollary 5.1. The fundamental group of E is Tti(E, qo) = Z © Z and [8q]e =/= 1. 

Proof. By lemma [57T1 the domain E deformation retracts onto the embedded torus 
T which induces an isomorphism between the fundamental groups m{E,qo) and 
7Ti(T, go) = Z © Z [S]. The circle Sq is kept point-wise fixed by the deformation 
retraction so [Sq]e gets mapped to [<5 ]t 7^ 1- Hence [Sq]e 7^ 1- □ 

Proposition 1. Let 8 C E be an m-fold vertical representative of an m-fold vertical 
cycle of T a ^- Assume that 8 is also free homotopic in E to another loop 5' d S±. 
Then 8 is free homotopic on Si to 8™ . 

Proof. Both 8™ and S' Q belong to the cylinder Si, whose fundamental group is Z. 
That is why, the closed curve 8' should be free homotopic on Si to 8q, for some 
k € Z. All we need to show is that m — k. Indeed, consider the corresponding 
elements [<5™],e = [SoYe anc ^ [$o]e = $0]% form the fundamental group iti{E, qo). 
Both loops Sq and Sq 1 are free-homotopic in E to the same loop 8. Hence, they 
are free-homotopic to each other in E. Therefore, the elements [SqYe an d [8o)e are 
conjugate in ni(E, qo). Since, according to corollary 15.11 the fundamental group 
wi(E, q ) = Z©Z is Abelian, [Sq]^ = [S Q ] h E which is equivalent to [8 }^ h = 1 (here 
we use multiplicative notation). By the same corollary, we can see that [8q]e =/= 1 
and tvi(E, qo) = Z © Z is torsion-free. Therefore m = k □ 

The map H : E — s- B defined by the polynomial H = x 2 + y 2 is a smooth, locally 
trivial fiber bundle. For any regular value c E B, the fibers S c = {p 6 C 2 | H(p) = 
c} are topological cylinders, diffeomorphic to each other [T], [T3]. We use Si as 
a model fiber. The map v : C — > Si given by v(Q) — (cos C, sin C), for £ e C, is 
the universal covering map of Si. Define Co = {C € C | | < Im(C) < §}• Then 
Cq = v(cq) C Si is a non-trivial cylinder on Si such that Sq n Co = 0. 

Here are some facts about the topology of the fiber bundle H : E — >• B. The 
unit circle 70 = {c g C | \c\ = 1} is a simple closed loop in B starting from 1, going 
around counterclockwise and coming back to 1. The homotopy class of 70 with 
a base point 1 is the generator of the fundamental group fti(B, 1) = Z. For c € 70 
consider the fiber S c . Then, if the parameter c starts from 1 and moves along the 
loop 70 until it comes back to 1 then the corresponding fiber S c will also make 
one turn around the critical value starting and ending up at Si. This procedure 
gives rise to an isotopy class of diffeomorphisms with a representative Dq : Si Si 
which is a Dehn twist. The map Do can be chosen so that it twists the cylinder Co 
and is the identity on Si \ Cq pQ. 

Let ir(z) = e 27Tiz . Then it : C — > B is the universal covering map of the punc- 
tured plane B. Denote its group of deck transformations by T = {7™ | m € 
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Z and 7o(z) = 2 + 1}. As usual, it is isomorphic to the fundamental group of 
B. The vertical strip B = {z e C | < Re(z) < 1} is a closed fundamental domain. 
Also, whenever we have a cartesian product M\ x M 2 of two sets, by pry^ we are 
going to denote the projection pru^ ■ Mi x M 2 — > Mj where prMjimi,^) = TUj 
for j = 1,2. 

The next lemma shows that we can " unfold" the bundle H : E — > B into a trivial 
covering bundle pre : C x Si — >• C. Moreover, we can do so by making sure the deck 
group r acts in a very special manner. It not only takes vertical fibers {z} x Si 
to vertical fibers, but what really important is that it also takes horizontal fibers 
C x {p} to horizontal fibers. 

Lemma 5.2. There is a smooth covering map II : C x Si — > E with the following 
properties: 

1. If pre ■ C x Si — > C is i/ie projection (z,p) i-> z i/ien iJ o II = 7r o pre- In oi/ier 
words, apart from being a covering map, II is a/so a bundle map. 

2. TTie decfc group of IT : C x Si — > _E is 

f =<(«,p)^( 7 o(«),D (p))), 

w/iere 70(2) = z + 1 is i/ie earlier described generator ofT and the map D = D^ 1 
is the Dehn twist of the cylinder c C Si and identity everywhere else on the surface 
Si. Thus, the factor bundle (CxSi)/T is diffeomorphically isomorphic to the bundle 
E. 

Proof. Consider the pullback of the bundle H : E — > B over the plane C under 
the covering map tt. To carry out this construction, first define the total space 
tt* E = {(z,q) G C x E I tt(z) = H(q)}. Then, the restricted projection k = 
(prc)| 7r « E : tt* E — > C gives us the desired pullback bundle. Also, there is a map 
n = {we)\^» e ■ n*E — > E that satisfies the condition H oil = k o tt and so it is a 
bundle map over the map tt. Together with that, II : tt* E — > E is a covering map. 

Because C is contractible, the pullback bundle k : tt*E — > C is trivializible, i.e. 
there is a smooth bundle isomorphism <r : C x Si tt*E so that no<, — pre o idc 
where idc is the identity map on C. Then, the composition 11 = 11 o<; : Cx Si ^ E 
satisfies the condition 77 oil = noprc and therefore is a bundle map and a covering 
map at the same time. Without loss of generality we can think that 11(0, p) = p, 
that is we identify the fiber {0} x Si with the surface Si, where 7r(0) = 1. 

We are going to look at the deck group T of the covering map ft. For any 7 e T 
we have the relation pre 07 = 7™ o pre for some ra £ Z. That is why, just like 
T, the group F is free Abelian with one generator j (z,p) = (70(2), tp(z, p)), where 
(z,p) G C x Si. The map ip : C x Si — > Si is smooth and if we use the notation 
V'z(p) = ^( z iP), t nen f° r an Y fixed z e C the resulting map ip z : Si — > Si is a 
diffeomorphism on the standard fiber Si. If we factor C x Si by the action of the 
deck group T we obtain the manifold (C x Si)/T which is isomorphic to E as a 
fiber bundle over B. 

Consider a thin open strip N e = {z £ C | |Re(z)| < e} where e < |. Let 
N' e — 7o(iV £ ) and take B = B U N e U 7V e '. Then we can regard the smooth map (j>o : 
N e x Si — >• 7V e ' x Si, defined by the expression (f>o(z,p) = 70(2, p) = (70(2), tp(z,p)) 
for any (z,p) S JV e x Si, as a gluing map. In other words, since 70 respects the 
bundle structure of C x Si, the quotients (B x Si)/</>o and (C x Si)/T are smoothly 
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isomorphic as fiber bundles over B (for isotopies of gluing maps, see for example 
[TO]). Therefore, (B x Si) /(fro and E are smoothly isomorphic as bundles over B. 

The strip N e deformation retracts onto the point £ N e . Therefore, there exists 
a smooth deformation retraction $ : N e X [0, |] — > N e . Then, for t = the map 
i?t : N e — > N e is the identity on N e , for t = 1 it is the constant map i?i = and for 
all t € [0, i] we have that #t(0) = 0. With the help of i?t, we define the isotopy 

<j> : N e x Si x [0, 0.5] -> iV^ x S 

M Z ,P) = (lo( z ),^(flt(z),p)). 

As a result, when i = we have the earlier defined map fa. Moreover, when t = 0.5 
we obtain the map ^0.5(2, p) = {jo( z ), "0(0, p)) for £ N e X Si. Notice that 

the second component of 4>o.5 does not depend on the variable z but only on p. 
Whenever z = 0, the map ipo(p) = ^(0,p) is isotopic to the Dehn twist Do = Dq 1 - 
This follows from Picard-Lefchetz's theory as discussed previously in the current 
section and in [1]. Thus, we can extend smoothly the isotopy 4>t for t £ [0, 1] so 
that for t = the gluing map is 4>o, for t = 0.5 the map becomes 4>o.5 from above 
and finally when t = 1 we obtain (j>i{z,p) = (-fo(z), D (p)) for all (z,p) £ N e x 5i. 

Notice that 0t respects the vertical fibers {z} x Si, that is the isotopy takes 
place only with respect to the second coordinate, along the surface Si, while the 
first coordinate is kept the same. Therefore, (B x Si)/<po and (B x Si) /4>i are 
smoothly isomorphic as fiber bundles over B. As we already saw, (B x Si)/<fo and 
E are isomorphic as well. Hence, (B x Si)/4>\ and E are isomorphic as bundles 
over B. Since by construction (B x Si) /(pi and (C x Si)/T are also isomorphic as 
bundles over B, we can conclude that there exists a smooth bundle isomorphism 
$ : (C x Si)/f ->• E. If v : C x Si (C X Si)/f is the quotient map, then it 
is a bundle map over the covering map 7T. When we compose it with $ we obtain 
the desired bundle covering map fI = <i>ou:CxSi— > E satisfying the condition 
if oil = no pre and having T as its group of deck transformations. This completes 
the proof of the lemma. □ 

The results from lemma [5T2l arc a main tool in the proof of theorem [TJ As it was 
mentioned already, a deck transformation j m (z,p) = (j™ (z) , D™ (p)) from T maps 
not only vertical fibers {z} x S to vertical fibers {7™ (z)} x Si but also horizontal 
fibers C x {p} to horizontal fibers C x {Z) n (p)}. In particular, since D™ acts on 
Si — co as the identity map, whenever p £ Si \ Co, the horizontal plane C x {p} is 
invariant under the action of T. These facts lead us to the following conclusion. 

Corollary 5.2. For p £ Si \ Co, the projection II (C x {p}) = B p is a smoothly 
embedded surface in E, diffeomorphic to the punctured plane B. Moreover, B p in- 
tersects each leaf from the integrable foliation J-"o transversely at a single point. 

In particular, this corollary applies to the point q — (1,0). Thus, we have 
obtained a global cross-section B qo . 

6. The non-local Poincare map 

For the rest of the article, we are going fix some m £ N and take the parameter 
a = a m as in lemma 14.11 Since a — a m is fixed, from now on we are going to 
drop a from all notations that contain it either as a subscript or a superscript. For 
example, when a — a m we will write J- e instead of T a ,e, the folaition leaves will 
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be denoted by L £ instead of L a ^ £ and the notation P £ will replace the previously 
accepted notation P a , £ for the Poincare map. 

Apart from the annulus Aq from section [21 define two more domains in B. Re- 
member that for a pair of numbers < p < R we defined the annulus A{p 1 R) = 
{c £ C | p < |c| < R}. Fix the small positive numbers po > p' > p\ > and the 
large ones < Rq < Rq < R[. Recall that Aq — A(po,Ro). Denote by A' and A[ 
the annuli A(p' , R' ) and A(p' 1 ,R[) respectively. As a result we obtain three nested 
open sets A n c A' c A[ . 

Recall that E = ff _1 (A ) and define E[ = H~ 1 (A' 1 ). 

Next, we lift on C all annuli form the previous paragraph to obtain the three hor- 
izontal strips ir~ 1 (Ao), tt~ 1 (A' ) and 7r" 1 (A' 1 ). We fix the following cross-sections 
in C x Si: 

i = tt-^Ao) x {g }, A' = n-^A'o) x {q } and A^ = tt-^A'J X {<Zo}- 
All of them are subsets of C x {qo}. Let 

Ho = n| Cx{go} : C x {q } — > B qa . 

Projecting by n , let 

A (qa) = n (i ), A' (q ) = U (A' ) and A'^qo) = Xl^), 

all of which are subsets of the embedded in E surface B qo . 

From now on, we also use the shorter notations z — (z 7 q ) eCx {go}- 
Consider the pulled-back foliation T e = II* T e on the covering space C x S\. It is 
invariant with respect to the action of T. In other words, if 7 € T and L £ (z,p) is a 
leaf of T e passing through the point (z,p) eCx Si, then j(L s (z,p)) = L e ( A f(z,p)). 

Notice that the closure of the projection II(A' 1 ) = A'^q^) is compact in E and 
the tangent field F e is transverse to the embedded cylinder ^44 (go) for all |e| < r, 
where r > is chosen small enough. For the next lemma we need the strip Q = 
7 ~ 1 (B) UBU 70(B) consisting of three adjacent copies of the closed fundamental 
domain of T. Take Q' Q = Q n tt- 1 (A' ) and let Q' = Q' Q x {g }- 

Lemma 6.1. For a small enough r > and for any \e\ < r there exists a smooth 
Poincare map P £ : Q' — > A[ associated with the foliation JF E such that for any 
7 € r if both points z and "f{z) belong to Q' Q then 7 o P e = P £ o 7. 

Proof. As usual, let prs\ '■ C x Si — > Si be the projection (z,p) i-> p. By continuous 
dependance of J- e on parameters and initial conditions, we can choose the radius r 
of the parameter space so that the construction that follows holds for any \e\ < r. 
Choose an arbitrary point z G Q' . If L e (z) is the leaf of the perturbed foliation P e , 
passing through z = (z,qo), lift the loop <5o to a curve 5 £ (z) on L £ (z) so that S £ (z) 
covers <5o under the projection prs t . Since r is chosen small enough, the lift S £ (z) 
is contained in the domain tt~ 1 {A' 1 ) x Si and both of its endpoints are on A\. The 
first endpoint is z e Q' Q and the second we denote by P £ {i) € A\. Thus, we obtain 
the correspondence P £ : Q' Q — » A\, which is a smooth map close to identity. 

By construction, the cross-section A[ is T— invariant. Now, let z £ Q' and 
assume that 7(2) £ Q' for some 7 £ T. As pointed out earlier, the arc S £ (z) is 
the lift of <5o on L £ (z) under the projection prs t ■ It connects the two points z £ Q 
and P a ,c(z) € A[. The image j(S £ (z)) lies on the leaf j(L £ (z)) = L £ (^(z)) and its 



18 



NIKOLAY DIMITROV 



cndpoints are j(z) € Q' and ^y(P £ (z)) <E A[. Since f = Z, its element 7 = 7o for 
some A; e Z. Therefore prs x 07(2, p) = prs t (70 (z), D§ (p)) = -Dq(p) = ^o°P r Si{ z ,p) 
for any (z,p) 6 C X ft. The fact that <5 e (z) is the lift of 5o on the leaf L e (z) from 
J> means that prs 1 (S e (z)) = So- Similarly, to find out what the arc j(5 e (z)) is a lift 
of, we just have to project it onto Si. Using the property prs 1 7o — -Do °P r Si wc 
conclude that prs 1 ojfi(5 e (z)) = D$ o prs 1 (S e (z)) = Dq(Sq). Since -Do acts like the 
identity everywhere on Si except for the thin cylinder Co C Si and So H Co = 0, 
it immediately follows that Dq(So) = So- Therefore ^(S e (z)) is the lift of So on the 
leaf L e {-~f{z)) under the projection prs t ■ Whit this in mind, the endpoint 7(P e (i)) 
can also be rewritten as P e (7(z)). Thus, we obtain the relation 7 o P £ = P £ o 7. □ 

Lemma 16.11 allows us to extend P e from a map on Q' to a T— equivarint map 
on the whole cross-section A' C C x {qo}- This fact makes it possible for the P e 
to descend under the covering LTo : A' — > A' a (qo) to a Poincare map defined on 
A (qo) C E. 

Corollary 6.1. The transformation P e constructed in lemma W7l\ extends to a map 
P £ : A' — > Ai for the foliation T e such that for any 7 G T the equivariance relation 
7 o P e ~ P £ o 7 holds. 

Proof. By construction, both A' and A[ are T— invariant, that is j(A' ) = A' and 
7(^1) = A[ for any 7 £ T. Since A' Q = Ukez 7o (Qo)' we can define P e on each piece 
loiQ'o) as the conjugated map 

7 0P.0 7- 1 : 7o(Q ) — ^ ^'i- 
By lemma HTT1 for two group elements 71 and 72 S T, the two maps 71 oP e o^j -1 and 
72 o P e o j^ 1 agree on the intersection 71 (Qo) H 72 (Qo) whenever it is nonempty. □ 

Corollary 6.2. T"/ie transformation P £ : A' — > associated with the foliation T e 
descends to a smooth Poincare map P e : A' (qo) — > A[(qo) for the foliation T e under 
the covering bundle map II : C x Si — > E . In other words, for any z = (z, go) € A' Q 
the relation LTo Ps{z) = P s IIo(z) holds. 

Proof. The statement follows directly from corollary 16. II □ 

On a side note, but still worth mentioning is a fact that follows from the con- 
structions in the proof of lemma 16.11 It is not difficult to see that the Poincare 
map is not sensitive to (local) homotopies of the base loop <5o- In other words, if 
So is homotopic on Si to another loop S Q passing through qo, then the two maps 
obtained by the lifting of <5o and 5' onto the leaves of the foliation T z under the 
projection prs x will be equal, as long as S is close enough to So on Si or the radius 
r is kept small enough. Thus, if we slightly wiggle ^o on Si but keep the base point 
qo fixed, the resulting Poincare map will stay the same. Consequently, the same is 
true for P e . 

7. Complex structure on the cross-section 

Apart from the smooth structure of a fiber bundle, the space E, being a subset of 
C 2 , has a complex structure with respect to which the foliation T e is holomorphic 
and depends analytically on the parameter e. This fact provides the foliation with 
very specific properties. On the other hand, the Poincare map P e : A' Q (qo) — > A^qo) 



AN EXAMPLE OF RAPID EVOLUTION OF COMPLEX CYCLES 



19 



associated with T € captures some topological properties of the foliation. Since some 
of those properties are strongly related to the holomorphic nature of the foliation, 
we would like our Poincare map to reflect the complex analyticity of J- e . So far 
P e is defined as a smooth map on a subdomain of the smooth surface A^qo) and 
therefore our next step is to induce a complex structure on A[(qo) in which the 
Poincare transformation is holomorphic. 

Since the closure of A[(qo) is transverse to J- £ , there is an open neighborhood 
of A'^qo) in B qo transverse to T e . Fix e € D r (0). Take a point q' 6 A'^qo) and 
a complex cross-section T q i through q' , transverse to T e . More precisely, T q > is 
a complex segment, i.e. it lies on a complex line through q' and is a real two 
dimensional disc. 

The fact that the foliation JF e is holomorphic and A[(qo) is smoothly embedded 
surface transverse to provides us with convenient holomorphic flow-box charts 
of C 2 . A chart of this kind consists of an open neighborhood FB(q') C E of q' and 
a biholomorphic map 

^ : D x D — > FB(q ) 
with the following properties: 

1. /V, e (0,0)=g'; 

2. /V, e (Dx{0})=?V; 

3. Aj',e({C} x D) is a connected component of the intersection of FB(q') with the 
leaf L E (p q ^ e (C,of) through the point P q , ie ((,Q) for any (eD; 

4. The portion of A^(go) passing through FB(q') looks like the graph of a smooth 
map a 9 ' i£ : B — > D in the chart D x D. In other words 

p-,] e {FB(q') n A'^qo)) = {(C,o,' je (C)) G D x D | <v, £ : B -> D is smooth}. 

Denote by E/g, the open subset FB(q ) n -A'i(go) of ^(go)- Let pr^ : B x B — > D be 
P r j(Ci) Ca) = Cj) "where j — 1,2. Define the diffeomorphism 

0g', e : J7q/ — ► B by 

^g',e : Q 1 > m ° (^.e)!^, (?) 

: C^/3 g ',e(C,^ l£ (C)). 
Consider the family of pairs A £ (A' 1 (q j) = {(J7 g ', | 9' € ^(go)}- 

Lemma 7.1. T/ie collection of charts A s {A' l {q^)) is a holomorphic atlas for the 
surface Ai(qo) with charts depending complex- analytically on e. 

Proof. The proof is a direct verification that the transition functions <p qi )E o 4> q ^ e 
of two intersecting charts are holomorphic in both the coordinate variable and the 
parameter e. It comes from the fact that the charts are basically projections of the 
open patches U q < C A'^qa) onto the holomorphic cross-sections T q i along the leaves 
of the foliation T e . Therefor the transition transformations are going to be maps 
from one holomorphic cross-section to another following locally the leaves of T e . 
As the leaves depend holomorphically on the initial condition and the parameter e, 
we obtain the desired result. For more details, one can look at [B] or [7]. □ 

The choice of complex structure on the surface A^qo) is justified by the next 
lemma. As it turns out, the map P £ is holomorphic in the complex structure 
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Lemma 7.2. The Poincare map P e : A' (qo) — > A'^qo) from corollarv \6. S\ associated 
to the foliation T E is holomorphic in the complex structure defined by the atlas 
A e (A' 1 (qo)) and depends complex- analytically on the parameter e. 

Proof. The idea is based on the heuristic arguments of the previous lemma 17.11 
Restricted to an open patch U qi C A' (q ), the map P e sends U qi inside another 
open patch U q2 . If we look at P e in the two corresponding coordinate charts, we 
obtain a map form the holomorphic cross-section T qi to the holomorphic cross- 
section Tq 2 by following the "lifts" of the loop So on the leaves of the foliation JF e . 
The leaves depend holomorphically on the initial condition and the parameter e, as 
well as both T qi and T q2 are complex segments, so we conclude that the map is as 
desired. More details can be found in [BJ or [TJ. □ 

Corollary 7.1. The surface A[ C C x {qo} has a complex atlas 

A e {A' 1 ) = {(U go ,4>B , e ) ■ zoeA[}, 

such that the covering map Hq : A[ — > A\(qo) is holomorphic with respect to the 
complex atlas A e (A 1 (qo)). The new atlas makes the lifted Poincare map P e holo- 
morphic, depending complex- analytically on e. 

Proof. Since as a smooth covering map IIo is a local diffeomorphism, simply pull 
back the complex structure given by Ae{Ai(qo)) to the surface A[. □ 

8. Periodic orbits and complex cycles 

We proceed with the study of the Poincare maps P e and P e . More precisely, 
we are interested in the relationship between their periodic orbits and the marked 
complex cycles of the perturbed foliation J- £ . 

Lemma 8.1. Let r > be the radius obtained in lemma and let e £ D r (0) be 
fixed. Then, the following statements are true: 

1. If P s : A' — > A[ has an m— periodic orbit z\, ...,Z m in A' , then P e : A (qo) — > 
A'i(qo) has an m— periodic orbit q±,...,q m in A' (qo), where ILo(zj) = qj for j = 

1. ...,m. 

2. Moreover, for each j = l,...,m the foliation JF e has a marked complex cycle 
(Aj,qj) with an m—fold vertical representative 5j contained in E[ = H (A\). 

3. Finally, for j = l,...,m the cycle (Aj,qj) is m—fold vertical, i.e. every repre- 
sentative of the cycle is free homotopic in E to 5 n . 

Proof. We start with the proof of the first part. Recall that 

n = nu, : A\ — ► A[( qa ) 

is the universal covering map from the band A[ to the cylinder A' 1 (qo) embedded 
in E C C 2 . Let qj = IIo(%) € A[ (qo) for j — 1, .., m. Due to the conjugacy relation 
P e o n = n o P e , the image {f^}™^ of the m— periodic orbit of the map 

P £ : A' —> A[ is a periodic orbit of P e : A' (qo) —> A[(qo) with possibly a smaller 
period. Clearly, P™( gi ) = P™(n (z 1 )) = n o P?(z x ) = U ( Zl ) = q x . 

Assume there exists a smaller k < m such that q\ = qk+i- Since IIo : A[ — > 
A'ifao) is a covering map and T restricted to A[ is the deck group of U , there 
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exists 7 <E f such that Zk+x = On the other hand, Zk+i — P £ (zi). Thus, 

P £ {zi) — j(zx). Applying P k to the last equality we obtain 

In general, P^ k {z\) = 7 J (ii) for any j £ N. In particular, when j — m we have 
zi = P™ k (h) = f n (h) = 7 m (^i). The identity Zi = j m (h) implies that 7™ has a 
fixed point in A\ . As a deck group of the universal covering, T = Z acts freely on 
A'i , so 7" 1 = id i; and since T has no torsion, 7 = id s, . We reach the conclusion 
Zk+i = £1 which is not true. This concludes the proof of part one. 

Next, we show that the second part holds. For convenience, let z m +i — z\. 
Observe that since all the points £ 1; z m belong to the same orbit of P e , they lie 
on the same leaf L s (zi) from the foliation T e . Let S s (zj, %+i), for j = 1, m, be 
the lift of 6q on the leaf L s (z\) so that the path # e (£j, £j+i) covers <5o under the 
projection prs x and connects the points Zj and By the construction of the map 
P e in the proof of lemma UTTl all paths S £ (zj, Zj+x) are contained in tt~ 1 (A' 1 ) x Sx- 
Therefore, the path S £ = \JJLiS s (Zj , Zj+i) is contained in 7r _1 (A' 1 ) x 5i and goes 

through the points zx, .-,z m . Moreover, if we parametrize 5 e from z\ to z m in a 
direction induced by the orientation of 5q, its two endpoints are z\ and z rn+ i = zx, 
so in fact 5 e is a loop on the leaf L e (z\). 

For each j = 1, m denote by Sj the closed curve S e but assuming that it starts 
form the point zj. As point-sets all loops Sj are the same 5 E . The only difference 
between them is that the parametrization for each 8j starts from a different point 
from the periodic orbit of P e . 

Fix some j — l,...,m. When mapping Sj with II back onto E we obtain a 
loop Sj — II(<5j) lying on the leaf L £ (H(zj)) = H(L e (zj)) from the foliation T a . e . 
Moreover, Sj is contained in E[ = n(7r _1 (A' 1 ) x Si). As discussed in [TS] and |16j . 
the loop Sj is non trivial on L e (zj) and defines a marked complex cycle (Aj,qj). 

Let Prs x : C x S*i — > {0} x Si be the map Prs 1 {z 7 p) — (0,p). Having in mind 
that C is contractible, Prs 1 is a deformation retraction, so clearly each Sj is free 
homotopic in C X Si to {0} X 8™. As II(C x Si) — E, the map II sends this free 
homotopy to a free homotopy in E between Sj = II (jj) and S™ — 11(0, S™). Hence 
all loops Sj are m— fold vertical. 

The third point of the current theorem follows directly from definition @] and the 
discussion in the paragraph right after it. □ 

Lemma 8.2. Let e' belong to the parameter disc D r (0), where the radius r > is 
chosen as in lemma HP1 

1. If P £ > : A' a — > A' t has an isolated m— periodic orbit contained in A' then 
P e i : A' (qo) — > Ai(qo) has an isolated m~periodic orbit {qj}J^i in A' (qo), where 
Uo(zj) = q 3 for j = 1, ...,m. 

2. Moreover, there exists a disk D r i(e') C D r (0) with a small radius r' > such 
that for any embedded in D r /(e') curve r/' , passing through e', there exists a con- 
tinuous family \Zi(s), Z m (s)) e ^ , of periodic orbits for the map P £ which for 
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e = e' becomes Zi,...,z m . Furthermore, this continuous family is mapped by Ho to 
a continuous family of periodic orbits (qi(e), q m (s))eery for the transformation 
P e which for e — e' becomes the orbit q±, q m . 

3. If P e has a continuous family of periodic orbits {zj(e)}™ =1 on A' for e varying 
on some curve fj embedded in D r (0), then the perturbed foliation J- £ has continuous 
families of marked cycles {(Aj(s),qj(s))} s ^fj for j — 1, ...,m where qj(e) = IIo(z £ ). 

Proof. Point one follows from lemma 18.11 together with the conjugacy condition 
IIo o P e i = P e i o IIo. As Ilo is locally a diffeomorphism, then the fact that {zj}JL 2 
is isolated implies that {qj}JL 1 is isolated too. 

As P™(zi) = Zi, we choose a chart (Uzn<l>zi,e) form the atlas A e (A' 1 ) around 
the point z\ and a smaller neighborhood U~ of the same point such that U~ C U Zl 

and PpiU-J C U Ml . Let D' = C D where hx,e'{h) = G D'. If r' > 

is chosen small enough, then 

Pj™)=4, E oPf o^ £ : D' > D 
for e E D r ,{e') C D r (0). Notice that P e ( , m) (0) = 0. The complex valued function 
F : D' x D r ,{e') C defined as F{(,e) = P £ (m) (C) - C 

is holomorphic with respect to £ G D' and with respect to e € D r >(e'). By Hartogs' 
theorem [8], F is holomorphic with respect to (C, ejefl'x D r >(e'). Since 
0, the point (0, e') is a zero of F, that is P(0, e') = 0. 

Let us look at the zero locus of F in D' x Z3 r /(e'). The fact that the periodic 
orbit {%}^Li is isolated means that z\ is an isolated fixed point for the map P™. 
Therefore is an isolated fixed point for pj, m and thus, it is an isolated zero for 
the holomorphic function F((, e') regarded as a function of £ only. By Weierstrass' 
preparation theorem [8] , [4] , we can write 

i=i 

where 6(0, e') ^ and {otj(e) : j — l,...,s) depend analytically on e £ D r i(e'), 
satisfying the conditions a\(e') — ... — ct s (e') — and possibly branching into each 
other. 

Now, let rj be some simple curve embedded in the disc D r i(e') and passing 
through e' . For e varying on ry', we can choose a branch, denoted for simplicity by 
ai(e). Then the desired continuous family for P e can be constructed by setting 
z\(e) = e (ai(e)) and 2 J+ i(e) = P^ E (zi(e)) for j = 1, ...,m — 1. Its image under 
the covering Ilo will provide the continuous family of periodic orbits {qj(£)}J!=i for 

Pe- 

The third point of the current statement follows directly from lemma 18.11 part 
two. For each e G rj' and j = 1, ...,m the constructed representative 5j(e) C E[ 
depends in fact continuously on the parameter e G rj' because the leaves of all 
foliations we work with depend continuously on the initial points and the parameter 
e. Thus the loops 8j(s) and the base points qj(s), continuously depending on e, 
give rise to continuous families {(Aj(e), qj(s))} e&v i □ 
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9. Proof of theorem Q] 

From now on we assume that CI — CI f ji clS provided by lemma 14.11 Let rj be an 
embedded in D r (0) curve, connecting Eq to 0. For convenience, define a natural 
linear order ^ on it so that -< Eq. We begin this section with a summary of the 
proof. 

First, with the help of lemma |4~T| we show that the Poincare map P Qje of the 
foliation T a ,e has an isolated periodic orbit {q_jY^=.\ f° r the fixed parameter a = a m 
and £o very close to £ m € D r (0). Then, {qj}™= 1 can be extended to a continuous 
family of periodic orbits {qj(s)}JL 1 on A' (qo) for values of the parameter e defined 
on an relatively open subset rj max of the path to We also find out that there exists 
£* € ?7max such that if e G ry ma x and e -< e* then some qj Q (e) € ^0(170) \ ^o(<7o)- We 
denote qj (s) = q(s). By point 3 of lemma 15721 there exists a continuous family of 
marked cycles {(A(e), g(e))} e6))max defined on r) max . For the value e — Eq the cycle 
(A(eo), q(so)) is limit to— fold vertical and has a representative (5(eo) contained in 
the domain Eq = H^ 1 (Aq). As e moves on ?7 max towards 0, it passes through 
the point e* and as a result of this the point q(e) leaves Aq^q) and therefore it 
leaves Eq as well. Consequently, for any e € r) max with e -< e* no representative 
of (A(e), g(e)) is contained in Eq because all of them pass through the same base 
point q(e) and q(e) is not in Eq anymore. This last fact concludes the proof of 
theorem [T] with a = ry ma x- 

Next, we continue with the detailed proof of the main result of this article. The 
Poincare map constructed in section [3] is in fact the local Poincare map from the 
introduction of the article, defined on the complex cross-section T' qo = {(x,0) € 
C 2 I I a; — 1| < r'o] where r' is very small. We denote this local map by P l ° c : T qo — > 
T qg . Notice that P l ° c is constructed using the tubular neighborhood N(Sq) together 
with a projection, we call g : N(Sq) — > ^4(<5o), coming from the direct product 
structure on N(Sq) selected in section[3] Since the covering map IT : C X Si — > E is 
a local diffcomorphism, the tubular neighborhood N(Sq) inherits via II the product 
structure of C x Si together with a projection g' coming from the natural projection 
prs 1 which maps C x S\ onto S\. As already mentioned in the introduction, there 
exists an isotopy on N(Sq) that keeps A(Sq) fixed point-wise and sends one product 
structure to the other 10J . Therefore, the lifts of Sq via g and g' on any near- 
by leaf of T s will coincide as point-sets. In conclusion, the map P l ° c is in fact a 
representation of the non-local Poincare map P £ in a complex chart from the atlas 
A E (A' 1 (q )) defined in section[7l Together with this, by corollary 1 7. 1\ the local map 
pioc Qn £ ne cr oss-section T' qo is a representation of the lifted Poincare transformation 

P £ in a complex chart from the atlas A £ (A' 1 ). Combining this fact with lemma |47T| 
we conclude that for a choice of £0 near e m € D r (0) the transformation P e has 
an isolated to— periodic orbit {%}^Li- By lemma [57T1 for j = 1, ...,m there are 
to— fold vertical limit cycles (Aj, qj) each having a representative 6j contained in 
E[. Comparing the construction of P l ° c with that of P e and P e as well as having 
in mind the fact that the lifts are independent on the choice of a product structure 
on N(6o), one concludes that Sj is contained in N(8q) which is a thin neighborhood 
of Sq and in its own turn is a subset of Eq. Thus, the representative Sj of the limit 
cycle (Aj,qj) is an m— fold vertical loop contained in the domain Eq for j = 1, .., m. 
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By lemma HT2| there exists -D r „(£o) C D r (0) for some ro > 0, such that if tjo = 
Tjr\D ro {£o), then there is a continuous family of periodic orbits (.81(e), z m (e)) e ^ Vo 
of the map P e on the cross-section A' . 

Define rj max C r\ as the maximal relatively open subset of r\ on which the con- 
tinuous family (zi(e), 2 m (e)) e g 7)maj[ of periodic orbits for P e exists on the cross- 
section Aq. Since rjo ^ is relatively open in 77, the inclusion 770 C 77 max holds 
and therefore 77 max ^ 0. By point 3 from lemma T8.21 for each j = X,..,m there 
exists a continuous family of marked complex cycles {(A^ (e), (e))} £ej)max with 
qj(s) — H(zj(e)). Near e £ 7? max the cycles (Aj(s), qj(e)) are limit and have 
m— fold vertical representatives 5j(e) contained in Eq because when e = £0 each 
cycle (Aj(£o), gj(eo)) = (Aj, g,) is limit and has an m— fold vertical representative, 
namely Sj — Sj(so), contained inside the domain Eq. We would like to find out 
what happens to the cycles as e varies on rj max . 

Let r]' be the set of all e from 7? max for which the periodic orbits from the 
continuous family z m (£)) £ej?max are entirely contained in Aq C A . As we 

already saw, at Eq the orbit zi(eo), z m (eo) is inside Aq and by continuity, the 
orbits zi(s), are also contained in ^4o for e near £0. This fact shows that 
?/ 7^ and in fact it has a nonempty interior. 

Let £** = inf^(?7 max ) be the infimum of rj max with respect to the linear ordering 
on 77. Then, D 1 (s*) n 77 max 7^ for all JV G N. Similarly, define £* = inf^(7j') as 
the infimum of rj . The inclusion 77' C ?7 max implies that £** -< e* . We are going to 
show that £** 7^ £*. 

Assume £** = £*, that is for all N £ N there exists e N £ Di_(e**) H r) max 

such that ii(eiv), ^m( £ iv) is contained in Ao- As explained in point 2 of lemma 
18.21 the family of periodic orbits (zi(e), z m (e)) seViagx is mapped by n to a pe- 
riodic family (qi(e), ...,q m (s)) E&nniax of the map P e on the surface Ag(go). More- 
over, the corresponding orbits gi(£jv), gm( £ iv) are inside Ao(go) C A' (qo) for 
all N £ N. In particular, the sequence {gi(£Ar)}_/veN is contained in the compact 
cylinder Ao(qo). Then, there exists q\ £ Ao(go) and a subsequence {qi(e n )}neti 
such that linin^yoo qi(e n ) — q\ and Yivo. n ^. 00 e n — £**. By continuity, the iden- 
tity P™(<7i(£„)) = q\{e n ) converges to P™,(q{) = q\ as n — > 00. Generate a 
periodic orbit g*,-.-,^ by setting q* +1 = P£, r (q*) for j = l,...,m — 1. Since 
2j+i( £ n) = -Pe„(9i( £ n))7 the limit for each gj(e n ) G A (g ) is gj G A (go) as n -> 00. 
Thus, the periodic orbit g*, g*„ is the limit of the periodic orbits qi(e n ), • qm(£n) 
and is contained in A (go)- 

We will show that under the current assumptions £** = 0. Assume that £** 7^ 0. 
Then {e £ 77 \e ~< £**} =/= 0. We proceed as in the proof of lemma I&21 The 
point q'l £ Ao(go) is fixed by the map P™*. Take a complex chart (U q * , <p q * >£ **) 
form the atlas A e *» (A\(qo)) around q\ and a smaller neighborhood U' q , C E/g* of 
the same point such that P™,(U' q «) C U q *. Let D' = cj> q * ie ,*(U' q , te „) C ED where 
4>qt,s**(qi) — £ D' . Choose r* > small enough such that 

for £ G P r .(£**) C D r (0). Notice that P e ( ™ } (0) = 0. The complex valued function 
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is holomorphic with respect to (C>e) E D' x D r >(s**). Since P £ ™ (0) = 0, the point 
(0, e**) is a zero of F, that is F(0, e**) = 0. 

We are interested in the zero locus of F in the domain D' xD r * (e**). If we assume 
for a moment that P(£, e) = on D' then we would have the identity Pj (C) = C 
on D' and therefore P™(q) = (? on the open subset [/^, C A' Q (qo). Because of the 
analyticity of P™{q) with respect to both q and e, the identity Pp(q) = 9 will hold 
on all of A' (qo) and for all e G P> r (0). In particular, it will be true for e = £o- But 
for that value the map P™ has an isolated fixed point qi (eq) E Ao(qo) c ^o(?o) 
which leads to a contradiction. Therefore F is not identically zero. 

There are two cases for F. Either F(C,e**) = or F(C,£**) # for C G For 
both of those options F can be written as 

F(C,e) = (e-e**) b F(Cs) 

where P(C, £**) ^ a nd 6 > 0. When 6 > we have the first case and when 6 = 
we have the second case. 

Let us look at the zero locus of P. By Weierstrass' preparation theorem [3], [5], 
P can be written as 

s 

F((,e) = H((-a j (e))6((,e), 
i=i 

where 8(0, e**) ^ and {oij(e) : j = 1, ...,s} depend analytically on e, satisfying 
the equalities ai(e**) = ... = a s (e**) = and possibly branching into each other. 
Without loss of generality, we can think that D' is chosen small enough so that 
0(C,e) ^ for all ((,e) e D' x D r *(e**). Let &j(e) = (j>-} £ (a 3 (e)). Since qx{e n ) -> 
Qi, there exists No E N such that gi(e„) G J7£* for n > No- By the continuity of 
qi(e), for each e G D r *(s**) n r? ma x we have that gi(e) = aj(e) for some j = 1, .., s. 
For simplicity of notation, assume (71(e) = ai(e). Thus, qi(s) converges to q\ as 
e — > e** always staying on the zero locus of P. Therefore we can extend q\{e) 
continuously on 77 past e** by setting 31(e) = fii(e) for e G D r *(e**) n {e G 77 : 
e ^ e**}. By construction, the identity PJ 7l (ai(e)) = ai(e) holds and if we set 
qj+i(e) — P/(ai(e)) we obtain a continuation of the family q\(e), q m (e) on the 
relatively open arc D r *(e**) D {e E r/ : e < e**}. As a result we have a continuous 
family (qi{e), q m (e)) e £fj of periodic orbits of P £ defined for e E fj = (D r * (e**) n 
{e E r] : e -< £**}) U 77 ma x which is relatively open in 77. 

Since the family zi(e), z m (e) is the lift of (71(e), q m (e) for e G 77 max and the 
latter extends on 77 D 77 max , the former also extends on fj as a family of periodic 
orbits for P e on the cross-section A . This conclusion contradicts the maximality 
of ?7 max , stemming from the assumption that e** ^ 0. Therefore e** = and 
qi(0), (7m(0) is a periodic orbit of Pq = id,A' (q )- For that reason, q\ (0) = ... = 
<7m(0) = g* inside A' Q (q ). 

Take a complex chart {U q * ,4> q * .0) on A^(go) around the point g* and choose a 
smaller neighborhood C U q * of (7* such that P^{UL) C f/ g * for all k — 1, ...,m 
and e G P/f o (0), where fo > is small enough. Let P/ = <j) q * ^(U',) C D and 

P„., e = </» r , e o P £ o 0-l e : D' — > D. 

Denote by Q(e) = (f) q * tE (qj(e)) for e E D? o (0) n ?7 max = 770 and j = 1, ...,m. Then 
Ci(e), Cm(e) is a periodic orbit for P q *, £ in D' . Notice, that due to the holomorphic 
nature of the map P e , those e G 77 max for which qi(e) = ^ (e), where 1 < i < j < m, 
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are isolated because the family at eq consists of an isolated m— periodic orbit. As 
before, Pq*,e{C) is holomorphic with respect to (£,£)• Then we can write it as 

P q ,, E (0 = t + e l I(0+e l+1 R((,e) 

where /(C) ^ and / > 1. If we iterate this map m times we obtain the represen- 
tation 

P?AO =C + e l mI(0+e l+1 R (m) (C,e). 
For e £ rjo \ {0} the equations 

P r , e (0-C = e'WC) + ei2(C,e))=0 and 

P?A0 - C = e l (mI(C) + eR {m) (C,e)) = 

are divisible by e l and thus, become 

J(C) + £ J R(C,e)=0 and mJ(C) + eR {m) (£ e) = (15) 

The function I{C) is not identically zero, so it has isolated zeroes. Choose D" C D' 
to be a small closed disc centered at zero, so that no zeroes of are contained in 
D"\{0}. In particular, ^ for £ G dD" . We can decrease the parameter radius 
r > enough so that by Rouche's theorem [5] the equations (IT51) will have the 
same number of zeroes, counting multiplicities, as the equation /(£) = 0. Clearly, 
all zeroes of P q *, £ (() — £ are zeroes of Pp e (C) — C because the fixed points of P g »^ are 
fixed points of P£i E but not the other way around. On the other hand, as already 
noted, for almost every e £ D ro (Q) there is an m— periodic orbit Ci( £ )> —■> Cm( e ) f° r 
the map P q *, e inside D" . Thus, we can see that P^i^{0 — ( has at least m zeroes 
more than P q *, £ (() — (, which contradicts the fact that both of these should have 
the same number of zeroes. The contradiction comes from the assumption that 
e** = s*. Therefore we conclude that e** ^ e* and in fact e** -< e* . 

Let r/i ?7max | £** < £ < £*}• Then for any e £ rji at least one Zj a {e) is con- 

tained in Aq but not in Aq. Then, its image q(e) = Ho(zj (e)) varies continuously 
on A' (qo) with respect to e £ rj mlix . Moreover, when e £ r/i C ?7max what happens 
is that q(e) £ A' (q ) \ A n (q n ). As the set A' (q ) \ A (q ) is disjoined from the do- 
main Eq, the point q(e) is located outside of Eq. Point 3 of lemma 15721 guarantees 
the existence of a continuous family of marked cycles {(A(e), g(e))} £e ^ max defined 
on r; max . For e — Eq the cycle (A(eo), q(so)) is limit m— fold vertical and has a 
representative S(sq) contained in the domain Eq. As e moves on 7y max towards 0, 
it passes through the point e* and as a result the point q(e) leaves Eq. Thus, for 
any e £ rj\ C f} max no representative of (A(e),g(e)) is contained in Eq because all 
of them pass through the base point q{e) which is not in Eq anymore. The proof 
of theorem Q] is completed with <r = 77 max . 

10. Concluding remarks 

The choice of the family <j2j) comes into play mostly in the proof of the existence 
of multi-fold vertical cycles for line fields of type ([TJ. It is specifically designed 
to facilitate the computation in the first part of the article, where we study the 
bifurcation of periodic orbits from a resonant parabolic fixed point of the Poincare 
map. Establishing the link between a foliation of type ([1]) and the resonant terms 
in the normal form of its corresponding Poincare map seems hard. We can see that 
in our simple example ([2]) we have quite involved computations in order to show the 
non-triviality of the resonant normal form of P a . 6 - For the second part of the article, 
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in which we construct a non-local Poincare transformation and we the study the 
topological properties and rapid evolution of the multi-fold limit cycles of ([2]), we do 
not seem to need that much the explicit form of the foliation of type (QJ . In fact the 
central role is played by the polynomial H and its geometric-topological properties. 
Since H is quite simple, so is its geometry and consequently the topology of the 
fiber bundle H : E — > B. With some additional modifications one could choose 
a more complicated polynomial H and carry out similar constructions and prove 
rapid evolution for more general families of type (JT|), provided that the existence of 
a periodic orbit for the Poincare map is assumed. In [6] , or alternatively in [7] , the 
reader could see (J]) studied in a more general form. In these works the approach 
and the general philosophy of the current article are preserved, but the interplay 
between the topology of the foliation and the dynamics of the Poincare map are 
quite more interesting. The map branches and its branching is inherently related 
to the homotopy class of the loop <5o on the surface of a fixed fiber S Co of H . 
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